A differential-algebraic definition for an algebraic differential equation of first order to be free from parametric singularities will be given. From standpoint we shall prove three theorems which are essentially due to Briot Bouquet, Fuchs, and Poincare respectively.
ment y in P.
DEFINITION. K will be said to be free from parametric singularities if we have vp(r')?0 for any prime divisor P of K, where z is a prime element in P.
Comparing it with Fuchs' criterion [2] for an algebraic differential equation of the first order to be free from parametric singularities, we shall see that our definition is a reasonable one (Theorem 1 in § 1).
It will be said that K is a differential elliptic function field over k if there exists an element z of K such that K=k(z, z') and (z')2=2z(z2-1) (z-d) ; L ~ 0 ; 02 ~ 0,1;
here, A, d k, and o is a constant.
Suppose that K is free from parametric singularities. Then, the following three theorems are essentially due to Briot and Bouquet, Fuchs, and Poincare respectively (cf. Forsyth [l, Chap. s 9, 10], Picard [6, Chap. 4 
]) :
THEOREM BB. Suppose that any element of k is a constant. Then, the genus of Kis0or1. THEOREM F. Suppose that the genus of K is 0. Then, there exists an element t of K such that K=k(t) and t'=a+bt+ct2; a,b,c~k.
THEOREM P. Suppose that the genus of K is 1. Then, K is a differential elliptic function field over k.
In the last two theorems we do not assume that k consists of constants. From our standpoint we shall reproduce Fuchs' proof [2] of Theorems BB, F, and Poincare's one [7] of Theorem P. They discussed the problems in the case where k is the algebraic closure of a field of functions meromorphic throughout a domain in the plane of the complex variable.
Three Theorems BB, F, P will be proved respectively in § 2, § 1, § 3. REMARK 1. Poincare's proof [7] of Theorem P is purely algebraic. where z is a prime element in P, and a, are positive integers. Let P be a prime divisor of K satisfying vp(y) <0. Then, in K we have
where z is a prime element in P, and a, are integers. Fuchs' condition necessary and sufficient for F=0 to be free from parametric singularities is as follows ( The following theorem is due to Fuchs [2] : THEOREM 2. Suppose that K is free from parametric singularities. Let F(X1, X2) take the form
where Ao, A1i Am k[X1], and Ao~0. Then, for each j (0<j<m) we have deg A;<_2j unless A;=0.
PROOF. For any prime divisor P satisfying up(y)O, we have up(y')>>-0 by Theorem 1. Hence, A0E k. Let w denote 1/y. Then, w'=-y'1y2.
We shall define G(X 1i X2) by G=X iF(i/X1, -X2/X), where (2) l=max {deg A; +2(m-j) ; A; *0, 0<-_ j < m}.
Then, K is associated with G in w. The leading coefficient of G is A0(-1)mX i-2m. Hence, 1=2m. PROOF OF THEOREM F. Since the genus of K is 0, there exists an element t of K such that K=k(t).
We have t'=A/B, where A, BE k[t], and (A, B)=1. Let us define G by
Then, K is associated with G in t. By Theorem 2, deg B=0, and deg A<2 unless A=0. § 2. Briot-Bouquet's Theorem.
Suppose that K is associated with F in y, and that F takes the form (1). Then, we have 2(g-1)= P (e-1)-2m (Riemann's formula),
where g is the genus of K, and ep is the ramification exponent of P with respect to k(y).
There exists an element of k such that ep=1 for any P satisfying vP(y-e) >0. Let z denote 1/(y-e), and H be the polynomial defined by
where l is the number defined by (2). Then, K is associated with H in z. For any P satisfying vP(z)<0, we have eP=1. PROOF OF THEOREM BB. Let us assume that eP=1 for any P satisfying vp(y)<O. We do not lose the generality by this assumption. If y'=0, then K= k(y). We shall assume that y' * 0. Then, Am * 0. Suppose that eP > 1 for a prime divisor P of K. Then, there exists an element of k such that 0< vp(y-r)).
By Theorem 1, we have vP(y')>-O, and there exists an element of k such that i (y'-~)>O.
Since eP>1, we have =r~' by Theorem 1. Hence, =r~'=0, because k is a constant field by our assumption.
We have F(,2, 0)=0, and is a root of Am. Let p be the multiplicity of in Am, and {P1, ..., Pr} be the totality of prime divisors of K for which eP>1 and vp(y-r~)>0.
Then,
By Theorem 1, we have for each i (1 <i<r). Let P run through all prime divisors of K. Then, we have deg Am>_ (ep-1).
P By Theorem 2, deg Am<2m. Hence, 2m?deg Am>_ (ep-1).
P By Riemann's formula, we have g-1<O. § 3. Poincare's Theorem.
PROOF OF THEOREM P. Since the genus of K is 1, there exists an element u of K such that K=k(u, v) and v2= R(u)=u(u2-1)(u-o) ; (E k ; o2 ~0, 1.
First let us assume that u is not a constant. Then, u' E k(u) . In fact, to the contrary suppose that u" r k(u). Then, we have u'=A/B ~ 0, where A, B E k [u] , and (A, B)=1. Suppose that deg B>O. Then, there exists a root of B in k. Take a prime divisor P of K such that vp(u' e)>O. Then, u=e+z" in Kp, where z is a prime element in P. Hence, u'='+az"~iz'.
Since (r')>0, we have vp(u')>_O. This is a contradiction, because A(e) *0. Hence, u'=CE k [u] . Take a prime divisor P such that vp(u)<O. In Kp, u=z-", where z is a prime element in P. Hence, u'--az-"-lr'.
Since vp(z')?O, we have a(l-deg C)+1>>-0.
Hence, deg C<<-2. Let , be a root of R, and P(~) denote the prime divisor determined by the condition that vp(u-~)>O. Then, u=7J+z(~)2 in Kp(,~), where z is a prime element in P(,j). Set =0, ±1. Then, u'=2zz', where z=z rj). By vp(r)(z')>O, we have C()=0. This is a contradiction, because deg C2. Hence, u' k(u), and K=k(u, u'). Let G(u, u')=0 be an irreducible algebraic equation over k satisfied by a and u'. Then, K is associated with G in u. By Theorem 2, we have
, where deg D<<-4, and deg E<_2 if EGO. Unless an element of k is a root of D, we have 2(U-e)=1 for each P satisfying (u-)>O. Hence, every root i of R satisfies D()=0.
Since deg D<4, we have D=2R, where 2E k. For each root rj of R, vp(~)(u-ri)=2. Hence, by Theorem 1, E(rg)=r~'. Set ri=0, ±1. Then, E(rg)=7'=0.
We have E=0, because deg E_<2 if EGO. Set =o. Then, 0=E(o)=o'. Secondly, assume that u is a constant. Then, d'=0. In fact, there exists a prime divisor P of K such that vP(n-o)=2, where ,. is the normalized valuation belonging to P. We have u-o=z2 with a prime element r in P, and -o' =2zz'. Since K is free from parametric singularities, i (z')>>-0. Hence, o'=0. There exists an element of k which is not a constant. For, to the contrary, suppose that any element of k is a constant. Then, every element of K is a constant, because the constant u is transcendental over k. Hence, y'=0, and K=k(y). This contradicts the assumption that the genus of K is one. Take an element of k which is not a constant. Let us define an element 2 of k by and a new differentiation signed by the dot in K by x=px', p2-2-1(2/o).
With respect to this differentiation, is a nonsingular solution of o(E)2_2R(e) ,
and u remains to be a constant. We shall define two transcendental constants a, b over k and an element w of k by a=2u/(1+u), b=~v/(1+u)2, w=2 /(1-F-e) .
Then, w is a nonsingular solution of (ZU)2/4=S(w)=w(1-w)(1-K2w), K2(1+o)/(2o), and b2=S(a). We have w=2Sw. Let us define an element z of K by the following formula (cf. Remark 4 at the end of this section) :
Because of w~0, K-k(a, b)=k(a, z) by (3). Hence, z is transcendental over k. We have
from (4). Let us prove that z is a solution of (±)2 =4S(z). Set A=1-K2aw, B=w(1-a)(1-K2a)+a(1-w)(1--~2w) .
PROOF. Without losing the generality we may assume that 2=1. Let us prove that vp(v')=0 for each prime divisor P of K, where v is a prime element in P. If we suppose that z=v-1, then
If we suppose that z=z2+d with a root d of R, then
If we suppose that z=vH-p with an element p of k which is not a root of R,
By our assumption, (p')2*~2. Hence, r')=0 for every prime divisor P of K. Take a transcendental element u of K over k. Then, we have u=re, e ~ 0 with a prime element v in some prime divisor P of K. Suppose that u is a constant. Then, eve" lv'=0, and , .(v') >0. This is a contradiction. Hence, any transcendental element of K over k is not a constant.
EXAMPLE. For k take the algebraic closure of the one-dimensional rational function field k0(X) over an algebraically closed field ko of characteristic zero. We set X'=1, and c'=0 for all elements c of k0. Suppose that F(y, y')=(y')2-R(y-Xy') ; o2*0, 1; oc ko .
Let i be a generic point of the general solution of F over k, and u denote -Xr~' . Since the degree of F in y' is 4, u is not contained in k. We have K=k(r1, r~')=k(u, r/), and the genus of K is one. Since is a nonsingular solution of F=0, 2rj'+XRu(u)=/=0. Because of u'=Xrj", "=0 and u'=0. Hence, K is free from parametric singularities. Suppose that B and r are constants of k, and that 0 * 0, Y2 * 0, 1. Then, any nonsingular solution of (w')2=6R(w; r)=Bw(w2-1)(w-r)
is not an element of k (cf. [9] ). From our Theorem P it follows that we have K=k(z, z') and (z')2=2R(z; r) for some r with a certain multiplier A. By Proposition, the multiplier A can not be a constant for any z, because the constant u is transcendental over k. 
